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Abstract—The possibility of using a constant property analysis for multicomponent diffusion systems
where interaction between fluxes is not ignored, is investigated in this work. The results are compared
with an exact multicomponent variable property analysis and a constant property analysis utilizing the

“effective binary diffusivity” approximation.

In order to demonstrate and test this approach an isothermal evaporation problem of a multicomponent
mixture into a free stream of inert gas is analysed. Also the case of flat plate transpiration mass transfer

is considered.

Results show that also when the properties of the chemical species involved in the diffusion process
are markedly different, the use of a constant property analysis with multicomponent diffusivity, evaluated
at a reference state, is quite accurate.

NOMENCLATURE

c, molar density;

D, diffusion coefficient defined by equation (5);

DB binary diffusivity;

DM, multicomponent diffusivity;

f, dimensionless stream function;

k, dimensionless mass-transfer coefficient
(equation 24);

I auxiliary function (equation 22);

m, mass flux, y directed when scalar;

M,  molecular weight;

n, number of components;

Fijs defined by equation (21);

u, velocity component, x direction;

v, velocity component, y direction;

w, mass fraction;

X, coordinate;

X, mole fraction;

» coordinate, also an auxiliary function
(equation 21);

z, auxiliary function (equation 21).

Greek symbols

1, similarity independent variable;
U, dynamic viscosity;

v, kinematic viscosity;

o, density;

@, dimensionless mass concentration.
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+Present address: Department of Chemical Engineering
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Subscripts and superscripts
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0, interface;
0, bulk;
i,j,  running indeces;
m, mixture;
n, inert gas;
r, reference.
INTRODUCTION

ProBLEMS involving boundary layers of heat and mass
transfer become quite cumbersome in the presence of
multicomponent diffusion [1]. In this case the flux of
each individual component depends on the mass fluxes
of all other components. In other words, the local flux
of each species is a complicated function of all local
concentrations and local concentration gradients. The
complete and exact treatment is not only complicated
but may also consume so much computer time that it
may become impractical, especially when the number
of components is large [2].

The quest for simplicity leads, firstly to the use of
constant property analysis as compared to variable
property analysis. It has long ago been established
that a reference state in which transport properties are
considered constant but are evaluated at a suitable
reference state is quite adequate for most practical
cases [3]. The use of constant property analysis is not
only simpler to perform but it is also usually more
amenable to a generalized parametric studies as
compared to variable property analysis.

In this quest for simplicity, multicomponent diffusion
presents a special problem because of its complicated
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nature. As a common practice multicomponent
diffusion is expressed approximately by a binary
diffusion coeflicient whereby the diffusive flux of each
component is calculated using Fick’s Law. This has
been used for multicomponent mixture by separating
the chemical components into two similar groups and
using a single binary diffusion coefficient Df; to express
the diffusion of each component member of the group.
A somewhat modified approach, but which is also based
on the use of a single binary diffusion coefficient is given
by Kendall [4]. Another common method is the use of
an effective binary diffusivity D&, which expresses the
diffusion of the ith component in the mixture in
accordance with Fick’s Law [5, p. 571]. These methods
of treating multicomponent diffusion has been used also
in recent advanced studies [2,6].

The shortcoming in using these approximations lies
first in the somewhat ambiguity in evaluation either
the singie binary coefficient D& or the effective
diffusivity DZ,. Secondly, as an approximate techniques,
one looses the multicomponent interaction character-
istics among fluxes of different species which may cause

a serious error under certain conditions.
In this article we check the possibility of th

In this article we check the possibility of the use of a
constant property analysis combmed with multi-
component diffusion coefficients by the method of the
reference state. Comparison is then made with the
complete variable property analysis and with the
simplified approach using the effective binary diffusion
coefficient D%,

The model problem which has been chosen to
check thic the
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evaporation of a multicomponent mixture into uniform
flow of an inert gas which is impermeable to the inter-
face of the liquid mixture. This model may be realized
in practice when a gas is used to dry a wet surface of
volatile liquid mixture. The problem worked here may
as well include the case of transpiration of several
chemical species through a porousflat plate. This model
for binary mixture has been extensively studied for the
purpose of transpiration cooling [3,7]. Some more
pertinent recent studies regarding evaporation prob-
lems, although different than the one presented here,
can be found in references [8-10].
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with uniform velocity u and approaching a semi-infinite
“flat plate” where the concentration, w;, of the (n—1)
evaporating chemical species is specified. The nth
component, designated as the inert gas, is impermeable
to the “flat plate”. For the sake of generality we may
also allow the free stream to contain initial
concentration of the volatile gases.
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YeHUDA TAITEL and ABRAHAM TAMIR

Yoo W,

rm 700

Yoo
—_—
—

/
P e e e e e e
io T
lo = Iw

F1G. 1. Physical model and coordinate system.

For the convenience of presentation, the variable
property c’iﬂﬁl_‘y’SiS is presemcd first. Thua, umug, x as the
longitudinal coordinate and y as the normal coordinate
(see Fig. 1) the continuity and momentum equations

read:
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For the conservation equation of each chemical species
we use the accurate expression for multicomponent
mixture of ideal gases where the mass flux of species
i is given by [5, p. 569].

wha nM

14: . .
where D} ulticomponent diffusi nt

is the multicomponent diffusion coefficient
which is a function of the binary diffusion coefficients,
of the concentration and of the molecular weights
([5], p. 570 and [11], p. 541). Equation (3) can
alternatively be expressed more conveniently in terms
of the mass fraction, namely
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Y k=1 Mk Mjk’-'l ’
Using equation (4) the conservation equation for the
chemical species takes the form of

a ( 5 Yn‘ D 6w,\
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In considering this problem we assume that isothermal
conditions prevail. Namely, the liquid mixture inter-
face, is kept at constant temperature equal to that of the
free tream temperature. In other words, a heating
mechanism which prefix the mixture interface
temperature is assumed to exist. Under these conditions
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the energy equation can be discarded. Also effects of

thermal diffusion and diffusion-thermo are neglected.
Equations (1), (2) and (6) are subjected to the

commonly used similarity transformation as follows:

v
_po¥ po ¥ )
pdy p 0x
Y
n = [ (/v X)] j —dy ®
0 Pr
¥ = [J(vueo )] f () ©
and
b= Wi Wiw (10)
Wio — Win
The resulting transformed momentum equation
becomes

(1n

(L) =0
r#r

while the diffusion equation, using also the identity

n
2 wi=
i=1

reads

2n-1
fd¢l+2 P Dm D WJO ijd¢:l 0 (12)
dr’ dr’ j=1 Ve Wio — Wiw dr’
Solution of equation (11) and (12) is subjected to the
following boundary conditions:

n=0 =0 ¢=1
n-w =1 ¢=0.

A somewhat more complicated condition arises from
the impermeability of the inert gas, namely

n—1
m,=p z (D]
j=1

Using equation (14), the normal velocity is expressed in
terms of the dimensionless stream function fas follows

f =_2 ﬂ 2"ilDrm DanjO ijd¢]
¢ r i=1 v, Wro dn

Next we turn our attention to the solution of this
problem using a constant property analysis but multi-
component diffusion coefficients, evaluated at a
reference state. The reference concentration is chosen,
conventionally, at

(13)

D)4 pow,=0.  (14)
oy

(15)

(16)

Wir = 3(Wio + Wis).

Then all properties, including the generalized diffusion
coefficients given by equation (5), are evaluated at this
reference concentration. There is no need to repeat the
equations for constant property analysis because
equations (7){15) can be used also for this purpose

provided the reference properties p, and u, are taken
at the reference state (so far p, and u, could have
been arbitrarily chosen for the use of the exact
solution). Thus one may realize that equations (11)~(15)
become simpler because pu/(p,u,) = p/p, = 1 and also
the diffusion coefficients D;; in equation (12) and (15)
are considered constant (and can be taken outside the
derivative operation) while they are concentration
dependent (see equation (5)) for the exact analysis.
Thus, although the formal appearance of the constant
property equations seem almost identical to the
variable property ones, they are much simpler and the
effort in the analysis and the computation time for the
latter is considerably reduced.

Finally we turn our attention to constant property
analysis where the simplified binary diffusion coefficient
DE, is used for all components excluding the inert
one. In this case equation (6) takes the form

ow; 6w s Wi | 1o
. 0y = ""(‘TyT i=1...n— (
while the transformed equation takes the form
2D£,, .
foi + {=0. (18)

The impermeability condition for the inert gas, using

(19)

n—1
m,=m— Z m;
i=1
results in
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(20
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which is equivalent to equation (15) for the previous
cases.

SOLUTION

Solution of the problems for f and ¢; as a function of
n was performed numerically using a standard
Runge-Kutta integration routine. However few adjust-
ments of the equations were needed in order to perform
this operation efficiently.

In the case of the exact solution we introduced the
auxiliary functions

y="2Ey (21-A)
Prly
and
Z; = "il ﬁ)z Din—Dy; Wio ~Wjwo d¢1
i=1 r v, Wio — Wi d']
n—1 d
2 d”. (21-B)
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Thereby equations (11) and (12) can be represented as

y =it (22-4)
pu
' = yg’_‘lf', (22-B)
PU
fr=1 (22-C)
and
n—1
di= ) rij'z; (23-A)
j=1
’ n—1
(23-B)

= =53 rilz
i=1

which is in the form needed for the use of the Runge-
Kutta procedure.

Since /" and ¢; which are given at # — co rather that
at 4 =0 and f, which satisfy equation (15), are yet
unknown, the solution was aided by an iterative
technique using initial guesses for z;q, fo and fg. Fast
convergence was obtained utilizing the Newton—
Raphson’s procedure [12, pp. 2-56].

Solutions for the constant property analysis of both
kinds, are less involved and more easily performed,
hence they are not spelled out here. It is important
however to mention that both cases, namely the one
using multicomponent diffusivity and the other using
the effective binary diffusion coefficient are almost
comparable in terms of computation time. Whereas
the solution for the variable property analysis needs
much more time because properties have to be
repeatedly evaluated at each step of the integration.
When the problem involves many chemical com-
ponents the exact analysis may indeed consume quite
a large amount of time compared to the constant
property analysis.

RESULTS

Results are reported for two ternary systems. The
first system corresponds to evaporation of water and
methanol mixture into a free stream of air (air is
considered as one component). Total pressure and
temperature were kept at 760mm Hg and 75°C
respectively. The other system consists of transpiration
of hydrogen and carbon-dioxide, again, into a free
stream of air. In this case the total pressure and
temperature were kept at 760mm Hg and 25°C
respectively. The references [ 12-14] were consulted for
the selection of properties of the individual species as
well as their behaviour in the mixture.

Results for the mass transfer of each component are
reported in terms of a dimensionless mass transfer

coefficient which is defined and calculated as follows

K, = Mo/ W /)
! Wio — Wi
_ (25 Bum D wio= i 4y
Pr) i=1 v, Wi Wi dn /o
w;
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Equation (24) is valid also for the constant property
analysis (with m‘u"lticomponent diffusion) provided all
properties are evaluated at the reference concentration.

For the case where the effective binary diffusivity
approximationis used, a simpler expression is obtained
which reads:

ki = — D_gn_d(pi 1w

—_— ——fo.

2 Wio— Wiz

v dy (25)
The effective binary diffusivity, D8, for the diffusion
of water and methanol in the first case and CO, and
H, in the second one were chosen as the binary
coefficient of each component in air. This is consistent
with the exact solution when the volatile components
are in low concentration in the air.

The results for the methanol-water—air system is
reported in Fig. 2. In this figure the dimensionless
mass-transfer coefficient of methanol (i = 1) and water
(i = 2)is given as a function of the relative concentra-
tion of methanol for constant interfacial air concentra-
tion (i = 3). Note that we obtained results only for the
case where the free stream contained only air (w3 = 1).
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F1G. 2. Dimensionless mass-transfer coefficient for the
methanol-water-air system. Exact and approximate
solutions.
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Thus the r.h.s. of the abscissa corresponds to a binary
mixture of methanol and air while the left one cor-
responds to a binary mixture of water and air. Figure 2
reveals that the dimensionless mass transfer coefficient,
which is proportional to the flux divided by the driving
force (wio — wio,) is practically unaffected by the change
in methanol-water ratio in the mixture. On the other
hand increasing interfacial concentration of air reduces
the dimensionless coefficient because the increase of air
concentration has an additional effect of reducing the
wall blowing value v,.

One may realize that Fig. 2 contains only one set of
results and there is no distinguishable differences
among the exact solution and the two approximate
ones. The numerical values of the calculations reveal
maximum discrepancy of no more than 3 per cent and
hence were omitted in Fig. 2. Thus, although transport
properties of methanol water and air are different they
still do not differ to the extent that any of the above
constant property analyses will show a significant error.

Our second system was chosen so that the properties
of its species are drastically different, especially with
respect to their binary diffusivities. Figure 3 indeed
shows that the results here are markedly different.
Focusing attention on the variation of the dimension-
less mass-transfer coefficient for CO, (i = 1) we may
observe the following: At air (i = 3) concentration of
0-99 all solutions are almost the same. However, when

T

o 05 -0
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F1G. 3. Dimensionless mass-transfer coefficient for the
CO,-H ,—air system.

——, Exact solution; —-—, “Multicomponent” constant

property solution; ———, Effective binary diffusivity solution.

the concentration of air decreases we can see that the
multicomponent constant property analysis is quite
close to the exact solution (less than 5 per cent
discrepancy) whereas the results using the effective
diffusivity approximation are quite erroneous. Note
that at the r.h.s. of the abscissa the two approximate
solutions are exactly the same (binary mixture of CO,
and air) whereas their slight difference from the exact
solution exhibit the error in the constant property
analysis. As expected the dimensionless mass-transfer
coefficient for Hydrogen is higher than for CO,. On
the other hand, the values of this coefficient, as
calculated by the constant property analysis exhibit
again less than three per cent error and therefore the
approximate analyses are not included in the figure.
This fact is explained simply because air and CO, are
not markedly different in their properties and thus
Hydrogen diffuses almost according to its binary
diffusion coefficient either in air or in CO,. On the
other hand, CO, diffuses in air-H, mixture. The
differences in properties of air and H, suggest that a
more exact multicomponent diffusive law is essential.

SUMMARY AND CONCLUSIONS

In this work the application of a constant property
boundary-layer analysis with a multicomponent
diffusion law is tested. It has been shown to yield very
accurate results as compared to an exact analysis also
when the transport properties are markedly different.
The use of the effective binary diffusivity have been
shown to be inferior to the constant property analysis
using multicomponent diffusion law (although when
variation in properties is not large any method is
adequate).

The advantages of using this multicomponent
constant coefficient may be summed up along the
following points. First, by comparison with the exact
solution we may outling advantages such as:

(1) Simplicity: the description of a constant property
is simpler and is more amenable to a parametric
study. It’s solution is also much more easily
obtained.

(2) Save of numerical efforts: In our example the
computing time of the constant property analysis
was about 1/5 as compared with the variable
property analysis. Also without referring to the
specific example used here it is clear that the number
of operations for the variable property analysis,
where properties have to be evaluated at each step
of the numerical integration is much higher. This
number of operations is highly dependent on the
number of components. When the number of
components is high the save in computation time
could be indeed drastic.
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On the other hand the advantages of this method as
compared with the effective binary diffusivity method
are as follows:

(1) It is much more accurate when the differences
among the binary diffusivity coefficients of the
various components are large.

(2) The evaluation of the multicomponent constant
diffusivity in its reference state is clearly and
uniquely defined.

(3} It is almost comparable to the method of the
constant effective binary diffusivity method in terms
of numerical efforts. This last point indeed suggests
that this method could be used with no trade-off
penalty making its use very highly recommended.
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CARACTERISTIQUES DE COUCHE LIMITE A PLUSIEURS
COMPOSANTES—UTILISATION DE L’ETAT REFERENCE

Résumé—On considére ici la possibilité d'utiliser une analyse de propriété constante pour des systémes
de diffusion a plusieurs composants o I'intéraction entre les flux n'est pas ignorée. Les résultats sont
comparés avec ceux d’une analyse exacte & propriété variable et d'une analyse 4 propriété constante
utilisant "approximation de la “diffusivité binaire effective”.

De fagon a démontrer et d’éprouver cette approche, est considéré le probléme d’évaporation isotherme
d’'un mélange a plusieurs composants dans un écoulement libre de gaz inerte. On étudie aussi le cas
du transfert massique par transpiration sur une plaque plane.

Les résultats montrent que lorsque les propriétés des espéces chimigues sont trés différentes dans le
processus de diffusion, I'usage d’une analyse a propriété constante, avec une diffusivité complexe

évaluée a un état de référence, est trés pertinent.

BESTIMMUNG DER MEHRKOMPONENTEN-GRENZSCHICHT-CHARAKTERISTIK
UBER EINEN REFERENZZUSTAND

Zusammenfassung —In dieser Arbeit wird die Moglichkeit der Anwendung eines Modells mit konstanten
Stoffeigenschaften fiir die Untersuchung von Mehrkomponenten-Diffusionssystemen, bei denen die
Wechselwirkung zwischen den Stromungen nicht vernachlissigt werden darf, untersucht und die
Ergebnisse mit denen einer exakten Theorie filr mehrere Komponenten und variable Stoffeigenschaften
sowie eines Ansatzes fiir konstante Stoffeigenschaften bei Beriicksichtigung einer Niherung durch das

“effektive binidre Diffusionsvermogen” verglichen.

Um diese Niherungsmethode zu veranschaulichen und zu priifen, wird bei einer Mehrkomponenten-
mischung in einer freien Strémung von Inertgas das isotherme Verdampfungsproblem und an einer
ebenen Platte der Fall des Stoffaustauschs durch Verdunstung untersucht.

Die Ergebnisse zeigen, dal} selbst wenn die Stoffeigenschaften stark unterschiedlich in den Diffusions-
vorgang eingehen, das Modell mit konstanten Stoffeigenschaften-~bezogen auf einen Referenzzustand—

bei Mehrkomponentendiffusion das Problem sehr genau beschreibt.
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MCTMOJBb30BAHUE OMPEAENAIOMWErO COCTOAHUS )14 MOJIVYEHUSA
XAPAKTEPUCTUK MHOI'OKOMITOHEHTHOI'O INMOTr PAHHYHOT'O CJIOA

Aunnoranus — B pabote npu aHanuize MHOTOKOMITOHEHTHON Audpy3HH, Koroa Henw3si npeHeOpeus
B3aHMOENHCTBHEM NMOTOKOB, UCITObL3YETCS NOMYLIEHHE O IIOCTOAHCTBE CBOMCTB. Pe3ynbTaThl cpaBHU-
BAIOTCA C NAHHLIMU TOYHOTO aHATH3a C Y4€TOM MEPEMEHHOCTH CBOWCTB NIPH MHOTrOKOMITIOHEHTHOM
auddy3vMd U avanula ¢ OONYLIEHHEM NOCTOAHHLIX CBOUWCTB M MCIOJBb3OBaHHEM «3PDEKTHBHOTO
Ko2pduurerTa GuHapHoin auddyzuu».

Ans neMOHCTpauMH W MPOBEPKH JAHHOTO METOJA PACCMATPHBAETCA 3afaYa M30TEPMHYECKOTO
HCTIapEHHUsT MHOTOKOMITOHEHTHOM CMECH B CBOOOAHBIA MOTOK MHEpTHOro rasa. Takxke paccMaTpH-
BaeTca cny4ai nepeHoca MaccChl IPH MOPHCTOM BAYBE M3 IUIOCKOMN TUIACTHHBI.

Pe3ynsTaThl MOKa3bIBAKOT, YTO MOPH 3aMETHOM pa3iIMYHH CBOWCTB XHMHYECKHX KOMIIOHEHT,
yyacTByHOLWWKX B Anbdy3MOHHOM mpouecce, aHaIu3 ¢ AOMYILEHHEM MOCTOSHCTBA CBOMCTB M HCMOJb-
30BaHHeM KO3hdHLUMEHTa MHOTOKOMIOHEHTHON nudpy3uH, PACCYHTAHHOrO AJA ONpEeAIOLIEro

COCTOSIHHUSA, AAéT NOCTATOYHO TOYHBIE PE3y/IbTATHI.
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