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Abstract-The possibility of using a constant property analysis for multicomponent diffusion systems 
where interaction between fluxes is not ignored, is investigated in this work. The results are compared 
with an exact multicomponent variable property analysis and a constant property analysis utilizing the 
“effective binary diffusivity” approximation. 

In order to demonstrate and test this approach an isothermal evaporation problem of a multicomponent 
mixture into a free stream of inert gas is analysed. Also the case of flat plate transpiration mass transfer 
is considered. 

Results show that also when the properties of the chemical species involved in the diffusion process 
are markedly different, the use of a constant property analysis with multicomponent diffusivity, evaluated 

at a reference state, is quite accurate. 

NOMENCLATURE Subscripts and superscripts 
molar density; 0, interface; 
diffusion coefficient defined by equation (5); co, 
binary diffusivity; 

bulk; 

multicomponent diffusivity; 

dimensionless stream function; 

dimensionless mass-transfer coefficient 
(equation 24); 

running indeces; 
mixture; 

inert gas; 
reference. 

auxiliary function (equation 22); 
mass flux, y directed when scalar; 
molecular weight; 
number of components; 
defined by equation (21); 
velocity component, x direction; 
velocity component, y direction; 
mass fraction; 
coordinate; 

mole fraction; 
coordinate, also an auxiliary function 
(equation 21); 

auxiliary function (equation 21). 

Greek symbols 

% similarity independent variable; 

K dynamic viscosity; 

v, kinematic viscosity; 

PT density; 

4, dimensionless mass concentration. 
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INTRODUCTION 

PROBLEMS involving boundary layers of heat and mass 
transfer become quite cumbersome in the presence of 

multicomponent diffusion [l]. In this case the flux of 
each individual component depends on the mass fluxes 
of all other components. In other words, the local flux 
of each species is a complicated function of all local 
concentrations and local concentration gradients. The 

complete and exact treatment is not only complicated 
but may also consume so much computer time that it 
may become impractical, especially when the number 
of components is large [2]. 

The quest for simplicity leads, firstly to the use of 
constant property analysis as compared to variable 

property analysis. It has long ago been established 
that a reference state in which transport properties are 
considered constant but are evaluated at a suitable 
reference state is quite adequate for most practical 

cases [3]. The use of constant property analysis is not 
only simpler to perform but it is also usually more 
amenable to a generalized parametric studies as 
compared to variable property analysis. 

In this quest for simplicity, multicomponent diffusion 
presents a special problem because of its complicated 
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nature. As a common practice multicomponent 
diffusion is expressed approximately by a binary 
diffusion coefficient whereby the diffusive flux of each 

component is calculated using Fick’s Law. This has 
been used for multicomponent mixture by separating 
the chemical components into two similar groups and 
using a single binary diffusion coefficient DE to express 
the diffusion of each component member of the group. 
A somewhat modified approach, but which is also based 
on the use of a single binary diffusion coefficient is given 
by Kendall [4]. Another common method is the use of 
an effective binary diffusivity Di”, which expresses the 
diffusion of the ith component in the mixture in 

accordance with Fick’s Law [5, p. 571). These methods 
of treating multicomponent diffusion has been used also 
in recent advanced studies [2,6]. 

The shortcoming in using these approximations lies 
first in the somewhat ambiguity in evaluation either 
the single binary coefficient 0; or the effective 
diffusivity Db. Secondly, as an approximate techniques, 
one looses the multicomponent interaction character- 

istics among fluxes of different species which may cause 
a serious error under certain conditions. 

In this article we check the possibility of the use of a 
constant property analysis combined with multi- 
component diffusion coefficients by the method of the 
reference state. Comparison is then made with the 
complete variable property analysis and with the 
simplified approach using the effective binary diffusion 

coefficient Db. 
The model problem which has been chosen to 

demonstrate and check this approach is the 
evaporation of a multicomponent mixture into uniform 
flow of an inert gas which is impermeable to the inter- 
face of the liquid mixture. This model may be realized 
in practice when a gas is used to dry a wet surface of 

volatile liquid mixture. The problem worked here may 
as well include the case of transpiration of several 

chemical species through a porous flat plate. This model 
for binary mixture has been extensively studied for the 
purpose of transpiration cooling [3,7]. Some more 
pertinent recent studies regarding evaporation prob- 

lems, although different than the one presented here. 
can be found in references [S-lo]. 

ANALYSIS 

The mode1 considered here consists of a gas flowing 

with uniform velocity u and approaching a semi-infinite 
“flat plate” where the concentration, wiO, of the (n - 1) 
evaporating chemical species is specified. The nth 
component, designated as the inert gas, is impermeable 
to the “flat plate”. For the sake of generality we may 
also allow the free stream to contain initial 
concentration of the volatile gases. 

r, = J, 

FIG. 1. Physical model and coordinate system. 

For the convenience of presentation, the variable 
property analysis is presented first. Thus, using x as the 
longitudinal coordinate and y as the normal coordinate 
(see Fig. 1) the continuity and momentum equations 

read : 

For the conservation equation of each chemical species 
we use the accurate expression for multicomponent 
mixture of ideal gases where the mass flux of species 
i is given by [5, p. 5691. 

c2 ” 
M mi = 7 jz, ML Mj Dij VXj + PV Wi (3) 

where 0; is the multicomponent diffusion coefficient 
which is a function of the binary diffusion coefficients, 
of the concentration and of the molecular weights 

([5], p. 570 and [ill, p. 541). Equation (3) can 
alternatively be expressed more conveniently in terms 
of the mass fraction, namely 

where 

Illi= p 1 DijVW,+pVWi (4) 
,= I 

(5) 

Using equation (4) the conservation equation for the 

chemical species takes the form of 

In considering this problem we assume that isothermal 
conditions prevail. Namely, the liquid mixture inter- 
face, is kept at constant temperature equal to that of the 
free tream temperature. In other words, a heating 
mechanism which prefix the mixture interface 
temperature is assumed to exist. Under these conditions 



the energy equation can be discarded. Also effects of 
thermal diffusion and diffusion-therm0 are neglected. 

Equations (1) (2) and (6) are subjected to the 
commonly used similarity transformation as follows: 

PI ay UC-- 
P 3Y 

,=_EE 
P h 

(7) 

and 
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provided the reference properties p, and pI are taken 
at the reference state (so far pr and p, could have 
been arbitrarily chosen for the use of the exact 
solution). Thus one may realize that equations (11)-(15) 
become simpler because pp/(p,pJ = p/p, = 1 and also 
the diffusion coefficients Dij in equation (12) and (15) 
are considered constant (and can be taken outside the 
derivative operation) while they are concentration 
dependent (see equation (5)) for the exact analysis. 
Thus, although the formal appearance of the constant 
property equations seem almost identical to the 
variable property ones, they are much simpler and the 
effort in the analysis and the computation time for the 
latter is considerably reduced. 

Finally we turn our attention to constant property 
analysis where the simplified binary diffusion coefficient 
Di”, is used for all components excluding the inert 
one. In this case equation (6) takes the form 

wi- wi= 
C$i=-----. (10) 

WiO-Wim 

The resulting transformed momentum equation 
becomes 

3ff"+ %f' 
6 > 

LO (11) 
I 

while the diffusion equation, using also the identity 
u~+U~=D~azwi 
ax ay ‘In ay2 

i= l...n-1 (17) 

while the transformed equation takes the form 
jlwi= la 

Z”-‘Di.-Dijwjo-Wjmd~j I~_____ - _ 0 (12) 

j=l vr Wio-Wim dq 1 

Solution of equation (11) and (12) is subjected to the 
following boundary conditions : 

q=o f'=O C$=l 

f'= 1 $=O. (13) 
rl+a 

A somewhat more complicated condition arises from 
the impermeability of the inert gas, namely 

n-l ^ 
m, = p C (D,j-DnJ’w’+Puw, = 0. (14) 

j=l dY 

Using equation (14), the normal velocity is expressed in 
terms of the dimensionless stream function f as follows 

Next we turn our attention to the solution of this 
problem using a constant property analysis but multi- 
component diffusion coefficients, evaluated at a 
reference state. The reference concentration is chosen, 
conventionally, at 

Solution of the problems for f’ and 4i as a function of 
v] was performed numerically using a standard 
Runge-Kutta integration routine. However few adjust- 
ments of the equations were needed in order to perform 
this operation efficiently. 

In the case of the exact solution we introduced the 
auxiliary functions 

Wir = f(WiO + Wim). (16) 

Then all properties, including the generalized diffusion 
coefficients given by equation (5) are evaluated at this 
reference concentration. There is no need to repeat the 
equations for constant property analysis because 
equations (7H15) can be used also for this nurnose 

y = Ef” (21-A) 
PrPL, 

and 

’ Di”-Dij Wjo- Wj, d~j 

“, Wi0_Wimr/ 

_ . 
E :zl rijz. (21-B) 

(18) 

The impermeability condition for the inert gas, using 

results in 

n-1 
m. = m - iz, mi (19) 

which is equivalent to equation (15) for the previous 
cases. 

SOLUTION 



126 YEHUVA TAITEL and ABRAHAM TAMIR 

Thereby equations (11) and (12) can be represented as 

l’,y!s (22-B) 

(22-C) 

and 

n- 1 

(23-B) 

which is in the form needed for the use of the Rungee 

Kutta procedure. 
Sincef’ and di which are given at q-+ cc rather that 

at q = 0 and ,fo which satisfy equation (15), are yet 
unknown, the solution was aided by an iterative 

technique using initial guesses for Zio, fb and fi. Fast 
convergence was obtained utilizing the Newton- 

Raphson’s procedure [ 12, pp. 2-561. 
Solutions for the constant property analysis of both 

kinds, are less involved and more easily performed, 
hence they are not spelled out here. It is important 
however to mention that both cases, namely the one 
using multicomponent diffusivity and the other using 
the effective binary diffusion coefficient are almost 
comparable in terms of computation time. Whereas 
the solution for the variable property analysis needs 

much more time because properties have to be 
repeatedly evaluated at each step of the integration. 
When the problem involves many chemical com- 

ponents the exact analysis may indeed consume quite 
a large amount of time compared to the constant 

property analysis. 

RESULTS 

Results are reported for two ternary systems. The 
first system corresponds to evaporation of water and 
methanol mixture into a free stream of air (air is 
considered as one component). Total pressure and 
temperature were kept at 760mm Hg and 75°C 
respectively. The other system consists of transpiration 
of hydrogen and carbon-dioxide, again, into a free 
stream of air. In this case the total pressure and 
temperature were kept at 760mm Hg and 25°C 
respectively. The references [ 12-141 were consulted for 
the selection of properties of the individual species as 
well as their behaviour in the mixture. 

Results for the mass transfer of each component are 
reported in terms of a dimensionless mass transfer 

coefficient which is defined and calculated as follows 

w’iO,fO 
(241 

Equation (24) is valid also for the constant property 
analysis (with m$lticomponent diffusion) provided all 
properties are evaluated at the reference concentration. 

For the case where the effective binary diffusivity 

approximation is used, a simpler expression is obtained 
which reads : 

(25) 

The effective binary diffusivity, D&, for the diffusion 
of water and methanol in the first case and CO2 and 
H2 in the second one were chosen as the binary 

coefficient of each component in air. This is consistent 
with the exact solution when the volatile components 
are in low concentration in the air. 

The results for the methanolPwater-air system is 

reported in Fig. 2. In this figure the dimensionless 
mass-transfer coefficient of methanol (i = 1) and water 
(i = 2) is given as a function of the relative concentra- 
tion of methanol for constant interfacial air concentra- 
tion (i = 3). Note that we obtained results only for the 
case where the free stream contained only air (wj = 1). 

0 0.5 0 

WI0 

‘- W30 

FIG. 2. Dimensionless mass-transfer coefficient for the 
methanol-water-air system. Exact and approximate 

solutions. 
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Thus the r.h.s. of the abscissa corresponds to a binary 
mixture of methanol and air while the left one cor- 
responds to a binary mixture of water and air. Figure 2 
reveals that the dimensionless mass transfer coefficient, 
which is proportional to the flux divided by the driving 
force (Wio - Wim) is practically unaffected by the change 
in methanol-water ratio in the mixture. On the other 
hand increasing interfacial concentration of air reduces 
the dimensionless coefficient because the increase of air 
concentration has an additional effect of reducing the 
wall blowing value v,,. 

One may realize that Fig. 2 contains only one set of 
results and there is no distinguishable differences 
among the exact solution and the two approximate 
ones. The numerical values of the calculations reveal 
maximum discrepancy of no more than 3 per cent and 
hence were omitted in Fig. 2. Thus, although transport 
properties of methanol water and air are different they 
still do not differ to the extent that any of the above 
constant property analyses will show a significant error. 

Our second system was chosen so that the properties 
of its species are drastically different, especially with 
respect to their binary diffusivities. Figure 3 indeed 
shows that the results here are markedly different. 
Focusing attention on the variation of the dimension- 
less mass-transfer coefficient for COZ (i = 1) we may 
observe the following: At air (i = 3) concentration of 
@!B all solutions are almost the same. However, when 

I I , I I I 1 , 

4 
0.5 

0 0.5 I.0 

W," 

‘-w30 

FIG. 3. Dimensionless mass-transfer coefficient for the 
C02-Hz-air system. 

-, Exact solution; -.-, “Multicomponent” constant 
property solution; ---, Effective binary diffusivity solution. 

the concentration of air decreases we can see that the 
multicomponent constant property analysis is quite 
close to the exact solution (less than 5 per cent 
discrepancy) whereas the results using the effective 
diffusivity approximation are quite erroneous. Note 
that at the r.h.s. of the abscissa the two approximate 
solutions are exactly the same (binary mixture of CO2 
and air) whereas their slight difference from the exact 
solution exhibit the error in the constant property 
analysis. As expected the dimensionless mass-transfer 
coefficient for Hydrogen is higher than for C02. On 
the other hand, the values of this coefficient, as 
calculated by the constant property analysis exhibit 
again less than three per cent error and therefore the 
approximate analyses are not included in the figure. 
This fact is explained simply because air and COZ are 
not markedly different in their properties and thus 
Hydrogen diffuses almost according to its binary 
diffusion coefficient either in air or in C02. On the 
other hand, CO2 diffuses in air-H2 mixture. The 
differences in properties of air and HZ suggest that a 
more exact multicomponent diffusive law is essential. 

SUMMARY AND CONCLUSIONS 

In this work the application of a constant property 
boundary-layer analysis with a multicomponent 
diffusion law is tested. It has been shown to yield very 
accurate results as compared to an exact analysis also 
when the transport properties are markedly different. 
The use of the effective binary diffusivity have been 
shown to be inferior to the constant property analysis 
using multicomponent diffusion law (although when 
variation in properties is not large any method is 
adequate). 

The advantages of using this multicomponent 
constant coefficient may be summed up along the 
following points. First, by comparison with the exact 
solution we may outline advantages such as: 
(1) 

(2) 

Simplicity: the description of a constant property 
is simpler and is more amenable to a parametric 
study. It’s solution is also much more easily 
obtained. 
Save of numerical efforts: In our example the 
computing time of the constant property analysis 
was about l/S as compared with the variable 
property analysis. Also without referring to the 
specific example used here it is clear that the number 
of operations for the variable property analysis, 
where properties have to be evaluated at each step 
of the numerical integration is much higher. This 
number of operations is highly dependent on the 
number of components. When the number of 
components is high the save in computation time 
could be indeed drastic. 
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On the other hand the advantages of this method as 
compared with the effective binary diffusivity method 
are as follows: 
(1) It is much more accurate when the differences 

among the binary diffusivity coefficients of the 
various components are large. 

(2) The evaluation of the multicomponent constant 
diffusivity in its reference state is clearly and 
uniquely defined. 

(3) It is almost comparable to the method of the 
constant effective binary diffusivity method in terms 
of numerical efforts. This last point indeed suggests 
that this method could be used with no trade-off 
penalty making its use very highly recommends. 

Acknowledgement-This work was performed while the 
authors stayed at the University of Karlsruhe sponsored 
by the DAAD. The sponsorship of the DAAD is greatly 
acknowledged. The authors wish also to thank Professor 
E. U. Schliinder and the Lehrstuhl und Institut fiir 
Therm&he Verfahrenstechnik for the support of this work. 

REFERENCES 
1. P. A. Libby and M. Pierucci, Laminar boundary layer 

with hydrogen injection including multicomponent 
diffusion, AiAA Jt%. 2118-2126 (1964). 

2. T. M. Liu and P. A. Libby, Boundary layer at a 
stagnation point with hydrogen injection, Comb. Sci. 
Tech. 2, 131-144 (1970). 

3. J. F. Gross, J. P. Hartnett, D. J. Masson and C. Gaziey 
Jr., A review of binary laminar boundary layer 
characteristics. Inc. J. Heat Mass Transfer 3. 198-221 
(19611 
I----r. 

4. 

5. 

6. 

7. 

8. 

9. 

10. 

11. 

12. 

13. 

14. 

R. M. Kendall, R. A. Rindal and E. P. Bartlett, A multi- 
component boundary layer chemicaiiy coupled to an 
ablating surface, AIAA JI 5, 1063-1071 (1967). 
R. B. B&d, W. E. Stewart and E. N. Lightfoot, Transport 
Phenomena. John Wilev. New York (1960). 
F. R. Newbold and 6. R. Amundson,‘A model for 
evaporation of a multicomponent droplet, A.1.Ch.E. 
JI 19,22-30 (1973). 
V. G. Fox, L. E. Erickson and i. T. Fan, Methods for 
solving the boundary layer equations for moving con- 
tinuous flat surfaces with suction and injection, A.1.CR.E. 
JI 14,X%-736 (1968). 
M. W. Clark and C. J. King, evaporation rates of 
volatile Iiquids in a laminar flow system, A.1.Ch.E. JI 
16,647s (1970). 
S. C. Hung and E. J. Davis, Simultaneous heat and 
mass transfer from a cylindrical filament in a vacuum, 
Chem. Engng 5, 161-170 (1973). 
E. J. Davis, S. C. Hung and C. S. Dunn, Simultaneous 
heat and mass transfer with liquid film vacuum 
distillation, Chem. Engng Sci. 28, 1519-1533 (1973). 
3. 0. Hirschfelder, C. F. Curtis and R. B. Bird, 
Mo~ec~lur Theory of Gases and Liquids. John Wiley, 
New York (1964). 
J. H. Perry, Chemical Engineerings’ Handbook, 4th 
Edn. McGraw-Hill, New York (1963). 
VDI ~~~~n~~f~us. Deutscher Ingenieur, Diisseldorf 
(1953). 
R. C. Reid and T. K. Sherwood, The Properties ofGases 
and Liquids, 2nd Edn. McGraw-Hill, New York (1966). 

CARACTERISTIQUES DE COUCHE LIMITE A PLUSIEURS 
COMPOSANTES-IJTILISATION DE L’ETAT REFERENCE 

R&sum&On considtre ici la possibilitt d’utiliser une analyse de propri&t& constante pour des systtmes 
de diffusion B plusieurs composants oti l’int&action entre les flux n’est pas ignorbe. Les &sultats sont 
compares avec ceux d’une analyse exacte B propri&i variable et d’une analyse & propri6tC constante 
utilisant l’approximation de la “diffusivitk binaire effective”. 

De faGon & dtrmontrer et d’kprouver cette approche, est consid&C le problttme d’tvaporation isotherme 
d’un mblange B plusieurs composants dans un ecoulement libre de gaz inerte. On Ctudie aussi le cas 
du transfert massique par transpiration sur une plaque plane. 

Les rCsultats montreqt que lorsque les propriBtCs des esp&es chimiques sont tr& diWrentes dans le 
processus de diffusion, l’usage d’une analyse B propri&t& constante, avec une diffusivitk complexe 

evalute g un &tat de rCf&ence, est tr& pertinent. 

BESTIMMUNG DER MEHRKOMPONENTEN-GRENZSCHICHT-CHARAKTERISTIK 
UBER EINEN REFERENZZUSTAND 

Zusammenfassung-In dieser Arbeit wird die MGgIichkeit der Anwendung eines Modells mit konstanten 
Stoff~gensc~aften fiir die Untersuchung von Mehrkomponenten-Diffusionssystemen, bei denen die 
Wechseiwirkung zwischen den Strlimungen nicht VernachlPssigt werden darf, untersucht und die 
Ergebnisse mit denen einer exakten Theorie fiir mehrere Komponenten und variable Stoffeigenschaften 
sowie eines Ansatzes fiir konstante Stoffeigenschaften bei Beriicksichtigung einer Nlherung durch das 
“effektive bin&e Diffusionsvermiigen” verglichen. 

Urn diese N~herungsmethode zu veranschaulichen und zu priifen, wird bei einer Mehrkom~nenten- 
mischung in einer freien StrGmung von Inertgas das isotherme Verdampfungsproblem und an einer 
ebenen Platte der Fall des Stoffaustauschs durch Verdunstung untersucht. 

Die Ergebnisse zeigen, daB selbst wenn die Stoffeigenschaften stark unterschiedlich in den Diffusions- 
vorgang eingehen, das Model1 mit konstanten Stoffeigenschaften--bezogen auf einen Referenzzustand- 

bei Mehrkomponentendiffusion das Problem sehr genau beschreibt. 
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MCllOJlb30BAHME OilPE~EJlSltOllIE~O COCTOIlHMII jI(JlR l-IOJIYYEHHR 
XAPAKTEPMCTMK MHO~OKOMllOHEHTHOl-0 I-IOrPAHWYHOrO CJ-IOR 
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AmoTaum - B pa6oTe npki aHaJIR3e MHOI-OKOMIIOHeHTHOfi LlH449’3HH, Korea HeJIb31I npeae6pevb 
B3aIiMOLIekTBtieM llOTOKOB, HCIlOJlb3)‘eTCSl nOiT)‘UJeHIIe 0 IIOCTORHCTBe CBOkTB. Pe3yJIbTaTbI CPaBHH- 

BPIOTCR C naHHblMW TO’IHOI-0 aHaJIW3a C )“ttTOM ITePeMeHHOCTli CBOikTB lTpH MHOl=OKOMIIOHeHTHOti 

jW44y3W4 W aHm&IJa C nOIQ’U,eHHeM ITOCTORHHblX CBOPCTB H WClTOSIb30BaHHeM <<3@@KTHBHOTO 

K03~tjWWieHTa 6LiHapHOil JV44Y3HW~). 

&lR JleMOHCTpaUkiH W ITpOBepKW lWHHOI.0 MeTOAa PaCCMaTp~BaeTCtl 3aAa’ia Ii30TepMHYeCKOl-0 

RCnapeHWl MHOTOKOM~OHeHTHOfi CMeCIl B CB060nHblfi ITOTOK AHejYTHOrO ra3a. Tame PaCCMaTpH- 

BaeTCR CJlyYak IlepeHOCa MaCCbl IIpPi ilOp&iCTOM BilyBe W3 lTJIOCKO& IlJIaCTHHbI. 

Pe3yJlbTaTbl I’IOKa3blBaK)T, ‘IT0 lTpH 3aMeTHOM pa3IlWitiH CBO#CTB XHMWieCKHX KOMIIOHCHT, 

J”laCTBylOlUkiX B LWi+&‘3HOHHOM ITpOUeCCC, aHiLJIH3 C nOIT)‘lUeHHeM lTOCTOIIHCTBa CBOtkTB H HClTOlTb- 

30BaHHeM K03@$lHUHeHTa MHOrOKOMtIOHeHTHOii Di4&‘3HH, paCCWTaHHOr0 LIJIR O~jleJUUOIIJel-0 

COCTORHHII, LIaeT jlOCTaTO’IH0 TO’iHbIe pe3)‘nbTaTbI. 
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